Abstract-The double sampling (DS) X chart is effective in detecting small to moderate process mean shifts and reducing the sample size. The average run length (ARL) is an intuitively appealing and widely used optimization criterion in the design of a control chart. Nevertheless, the skewness of the run length distribution changes with the size of the process mean shift; thus, ARL is not necessarily a good representative of the run length distribution. In such a case, the median run length (MRL) provides a more reliable interpretation, for the in-control and out-of-control performances of a control chart. In this paper, an optimal design of the DS X chart based on MRL is proposed. New optimal parameters are provided for selected in-control median run lengths, ∈ 0 MRL {250, 500} and in-control average sample sizes, ∈ 0 ASS {3, 5, 7, 9}. These optimal parameters facilitate the implementation of the DS X chart in practice.
I. INTRODUCTION
Contemporarily, the quality of the final products and customers' satisfaction are vitally viewed in the manufacturing and service processes, such as in the chemical industries, food industries and health care services. Statistical Process Control (SPC) is a collection of statistical tools that provide improvement in yield and reduction in production costs. A control chart is one of the most valuable tools in SPC to reduce variability in key parameters and produce conforming products. Because of the operational simplicity, the Shewhart X chart is extensively used to detect large process mean shifts in industries. However, it is relatively insensitive in detecting small and moderate process mean shifts.
To overcome this problem, Daudin [1] applied the concept of double sampling plans to propose the DS X chart, which is viewed as a two-stage Shewhart X chart. The optimization model to minimize the in-control average sample size ( ) 0 ASS is presented in Daudin's [1] paper.
From the statistical viewpoint, Irianto and Shinozaki [2] constructed an optimization model to minimize the out-of-control average run length ( concluded that the DS X chart has a better performance in certain cases. In light of this advantage, recently, Torng et al. [4] , Irianto and Juliani [5] , Costa and Machado [6] , Khoo et al. [7] , and Lee et al. [8] , to name a few, contributed to the area of DS control charts.
The sole dependence on the average run length (ARL) as a measure of a chart's performance has been subjected to criticism in recent years (see [9] - [11] ). Since the skewness of the run length distribution changes from highly skewed when the process is in-control to approximately symmetric when the process mean shift is large, interpretation based on ARL alone could be misleading. For instance, the DS X chart with
an in-control ARL ( 0 ARL ) of 500, where the notations
L ) of the DS X chart are defined in Section II. However, it is found that 50% of all the run lengths are less than 347 (i.e. the in-control median run length, 0 MRL = 347) and about 63% of all the run lengths are less than 500. In view of this disadvantage, Chakraborti [10] pointed out that the median run length (MRL) provides a more accurate measure of a chart's performance. For example, the DS X chart with the parameters stated above has an out-of-control MRL ( 1 MRL ) of 23 at shift δ = 0.5. This indicates that in 50% of the time, the out-of-control run length is less than or equal to 23 samples. Note that all the MRLs and the percentage point of the run length distribution are calculated by using the formulae shown in Section II. In short, interpretation based on MRL is more readily comprehended. Therefore, MRL is suggested as an alternative performance criterion to design control charts. For related literatures, see Gan [12] - [13] , Maravelakis et al. [14] , Golosnoy and Schmid [15] , Low et al. [16] , and Khoo et al. [17] . This paper is structured as follows: First, Section II briefly introduces the DS X chart and its run length properties. Since MRL can increase the quality control engineers' confidence in understanding a control chart, the main contributions of this paper are to propose an optimization 2) If ( )
II. THE DS
, the process is considered as in-control. 
, the process is declared as in-control; otherwise, it is deemed as out-of-control.
Note that the i th sampling time refers to the i th time when either the first sample of size 1 n only or the combined samples of size 1 2 n n + , respectively are collected.
It is further assumed that 0 μ and 2 0 σ is known. Let ak P be the probability that the process is regarded as in-control at stage k with k ∈{1, 2}. Then 1 2 a a a P P P = + is the probability of the in-control process, with (see [1] ) ( ) 
Note that a run length (RL) is the number of samples taken before the chart signals the first out-of-control condition. Montgomery [18] pointed out that the run length distribution of a Shewhart chart is the geometric distribution. It is known that the DS X chart is a Shewhart type chart; thus, all the run length properties of the DS X chart can be characterized by the geometric distribution. Hence, the cdf of RL, i.e. RL F ( ) is obtained as
where ∈ {1, 2, 3, ...}. Then the MRL of the DS X chart is equal to (see [12] and [13] ) ( ) ( ) MRL 1 0.5 and MRL 0.5.
Daudin [1] also showed that the average sample size (ASS) at each sampling time is equal to ( )
where ( ) ( ) ( )
III. OPTIMAL DESIGN OF THE DS X CHART BASED ON MRL
In this paper, the performance of the DS X chart is evaluated, in terms of the MRL and ASS. When the process is in-control, the MRL is denoted as 
The proposed optimization model is illustrated as follows:
Subject to 0 MRL ,
where τ is the expected in-control median run length;
where n is the expected in-control average sample size;
where max n is the upper bound of 1 2 n n + .
A nonlinear optimization algorithm is employed to determine the optimal
L ) combination for each case considered in this paper. Practically, either a small or a moderate sample size is adopted in industry; thus, max n = 15 is set in this paper. It must be emphasized that MRL is an integer due to the discrete property of RL; hence, there may exist several optimal
for which the 1 MRL value is minimum at a specific opt δ ≠ 0.
In such a case, the DS X chart with the optimal Table I , respectively. The above proposed optimization model (7)- (10) is applied here to obtain the optimal
(constraint (8) ) and 0 ASS n = ∈{3, 5, 7, 9} (constraint (9)) are attained for each case shown in Table I . The results in Table I [1] stated that the DS chart is designed, where the sample size should be increased if there is a higher chance of inferior quality. Therefore, it is observed that for most of the cases in Table I, 
IV. CONCLUSION
A good understanding of the control charts used is crucial to engineers and shop floor personnel. Since the run length distribution changes in accordance to the magnitude of mean shifts, the MRL is more readily interpreted than the ARL. Moreover, the MRL provides more credible information for practitioners. This paper demonstrates the optimization design of the DS X chart, based on MRL and thus, complements the work of Irianto and Shinozaki [2] , who proposed the DS X chart, optimized based on the ARL. Furthermore, specific optimal charting parameters, based on MRL are provided to aid practitioners in implementing the DS X chart instantaneously.
